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We deal with the thermodynamic properties of the Bardeen regular black hole with reference to their respective
horizons. It is argued here that the expression of the heat capacity at horizons is positive in one parameter
region and negative in the other, and between them the heat capacity diverges where the black hole undergoes
the second-order phase transition.

PACS: 04.70.Dy, 97.60.Lf DOI: 10.1088/0256-307X/29/7/070401

The deep connection between gravity and thermo-
dynamics has been studied extensively in literature[1]

as a consequence to the finding that the four laws of
the black hole thermodynamics could be derived from
the Einstein field equations. It has been substantiated
further with the Hawking discovery that the black hole
can radiate thermal radiation[2] with a temperature
proportional to the surface gravity and entropy pro-
portional to the surface area of the black horizon. By
resorting to Hawking’s semi-classical treatment of the
subject, it has been demonstrated that the tempera-
ture of the black hole would increase with the decrease
of its mass.[3] Therefore, Bakenstein speculated that
the entropy of the black hole decreases in time with the
emission of Hawking radiation and hence it violates[4]

the second law of thermodynamics. He further ar-
gues that the sum of the rate of change of entropies
of black hole horizons and the entropy of the back-
ground universe has to be positive and is termed as
the generalized second law (GSL) of thermodynamics.

It has been advocated further that the notions of
temperature and entropy could not be limited only
to the black hole horizons but they could also be
extended[5] to the horizons of any spacetime geom-
etry. This inspires that the profound relation be-
tween the laws of thermodynamics and gravity can
be extended to any spacetime geometries with hori-
zons. The first and the GSL[6−8] of the black hole
has been studied widely in different spacetime geome-
tries and also extended to the various gravity the-
ories. In spite of the above thermodynamic anal-
ysis of the black hole, the statistical nature of the
black hole thermodynamics remains obscure. How-
ever, the thermal stability of a black hole is deter-
mined by the sign of its heat capacity. For example,
the heat capacity of the Schwarzschild black hole is
always negative and is therefore thermodynamically
unstable.[3] As for the Reissner–Nordstrom black hole,
Kerr black hole, and Kerr–Newman black hole, their
heat capacity is positive and negative depending on

their parameter regions. It is, therefore, stated that a
black hole is supposed to be thermodynamically un-
stable if its heat capacity is negative. However, every
time the heat capacity changes sign in the parameter
space, its heat capacity diverges during this process
of change and subsequently undergoes a second order
phase transition.[9,10] It is, nevertheless, possible to
have a thermodynamically stable black hole that con-
tains positive specific heat through a phase transition
from thermal radiations.[11] In this context, a method
of phase transition is established by Hawking and
Page[12] through the demonstration of the transition
between thermal AdS space and the Schwarzschild-
AdS (SAdS) black hole.[13] In this Letter, we analyze
the Bardeen black hole by discussing its thermody-
namic aspects with a special reference to its phase
transition caused by its heat capacity.

To begin with, we present the Bardeen regular
black hole metric

𝑑𝑠2 = −𝐹𝑑𝑡2 + 𝐹−1𝑑𝑟2 + 𝑟2𝑑𝜃2 + 𝑟2 sin2 𝜃𝑑𝜑2, (1)

the mass function 𝑀(𝑟) in 𝐹 (𝑟) = 1− 2𝑀(𝑟)
𝑟 represents

arbitrary continuous function of variable 𝑟. With the
following particular value of this mass function,

𝑀(𝑟) =
𝑚𝑟3

(𝑟2 + 𝑒2)3/2
, (2)

the metric (1) reduces to the Bardeen regular black
hole[14] metric. The 𝑚 and 𝑒 in the above equation
represent the mass and the monopole charge of a self-
gravitating magnetic field of a non-linear electrody-
namics source, respectively. If one considers 𝑒 = 0,
the Bardeen black hole reduces to the Schwarzschild
metric. The horizons of the Bardeen black hole are the
roots of the function 𝐹 (𝑟). These roots are obtained
by setting

𝐹 (𝑟) = 1− 2𝑚𝑟2

(𝑟2 + 𝑒2)3/2
= 0. (3)
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Instead of finding the exact expressions of the roots
of the above equation, 𝐹 (𝑟) = 0, the function 𝐹 (𝑟) is
explored here qualitatively in order to find the condi-
tions on mass 𝑚 and charge 𝑒 at the horizons of the
black hole. In order to find different conditions on
mass 𝑚 and charge 𝑒 of the black hole, the roots of
𝐹 (𝑟) can be categorized into three cases: (i) two dis-
tinct roots, (ii) repeated roots (the extreme case), and
(iii) no real roots (naked singularity).
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Fig. 1. For 𝐹 (𝑟min) < 0, the graph of 𝐹 (𝑟) for 𝑚 = 2
and 𝑒 = 1 is shown, which cuts the 𝑟-axis at two distinct
points 𝑟 = 𝑟±.
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Fig. 2. For 𝐹 (𝑟min) = 0, the graph of F(r) for 𝑚 =
√
3

and 𝑒 = 4
3

is shown which cuts the 𝑟-axis at one point for
which 𝑟 = 𝑟+ = 𝑟−.

To carry out our analysis, let us first calculate
the extremal points of the function 𝐹 (𝑟) by setting
𝑑𝐹/𝑑𝑟 = 0, which corresponds to 𝑟min =

√
2𝑒, exclud-

ing the negative root as it gives 𝑟 < 0. This extremal
point is a minima because of 𝑑2𝐹/𝑑𝑟2 > 0 at 𝑟 = 𝑟min.
Hence, the minimum value of the function at 𝑟 = 𝑟min

is
𝐹 (𝑟min) = 1− 4𝑚

3
√
3𝑒

. (4)

Moreover, 𝐹 (𝑟) → 1 for both 𝑟 → 0 and 𝑟 → ∞ as
shown in Fig. 1.

It is evident from Fig. 1 that the Bardeen black
has two horizons, inner for 𝑟 = 𝑟− and outer for
𝑟 = 𝑟+, implying 𝐹 (𝑟min) < 0, which admits a condi-
tion 3

√
3𝑒 < 4𝑚. This is, nonetheless, an already es-

tablished condition for the Bardeen black hole. Hence,
the graph of the function 𝐹 (𝑟) intersects the 𝑟-axis at
two points, 𝑟 = 𝑟± leaving with one minimum point
at 𝑟min =

√
2𝑒 below the 𝑟-axis. For the extreme

Bardeen black hole we resort to 𝐹 (𝑟min) = 0, which
exhibits the condition, 3

√
3𝑒 = 4𝑚 as shown in Fig. 2.

In this case we have two real repeated roots, for

which 𝑟 = 𝑟+ = 𝑟−. The third case directs the naked
Bardeen black hole, in which 𝐹 (𝑟min) > 0 and admits
3
√
3𝑒 > 4𝑚. In this case, no real roots exist and the

graph of 𝐹 (𝑟) does not intersect the 𝑟-axis, as shown
in Fig. 3.

2 4 6 8 10

0.4

0.5

0.6

0.7

0.8

0.9

F
↼r
↽

r

Fig. 3. For 𝐹 (𝑟min) > 0, the graph of 𝐹 (𝑟) for 𝑚 =
√
3

and 𝑒 = 2 is shown, which does not cut the 𝑟-axis.

Ricci scalar 𝑅 of the bardeen black is given by

𝑅 =
6𝑚𝑒2(−𝑟2 + 4𝑒2)

(𝑟2 + 𝑒2)
7
2

. (5)

It is important to note that (i) Ricci scalar vanishes
identically at 𝑟 = 2𝑒 =

√
2 𝑟min, admitting Ricci flat

geometry of the Bardeen black hole, (ii) it is regular
at 𝑟 = 𝑟±, and (iii) Ricci scalar also vanishes when
𝑟 → ∞.

The heat capacity is an important measure to
study the thermodynamic properties of a black hole.
Before we discuss the heat capacity of the Bardeen
black hole, we must evaluate thermal quantities asso-
ciated with the horizon at 𝑟 = 𝑟+. The temperature 𝑇
of the Bardeen black hole can be determined by using
the relation 𝑇 = 1

4𝜋
𝑑𝐹 (𝑟)
𝑑𝑟 |𝑟=𝑟+ , which admits

𝑇 =
𝑚𝑟+(𝑟

2
+ − 2𝑒2)

2𝜋(𝑟2+ + 𝑒2)5/2
, (6)

where the mass 𝑚 of the Bardeen black hole can be
defined in terms of outer horizon as

𝑚 =
(𝑟2+ + 𝑒2)3/2

2𝑟2+
. (7)

The temperature 𝑇 of the Bardeen black is positive,
zero and negative, accordingly 𝑟+ >

√
2𝑒, 𝑟+ =

√
2𝑒,

and 𝑟+ <
√
2𝑒, respectively. The temperature 𝑇 at

the horizon can be rewritten in terms of 𝑟+ as

𝑇 =
𝑟2+ − 2𝑒2

4𝜋𝑟+(𝑟2+ + 𝑒2)
. (8)

The heat capacity of the Bardeen black hole can be
evaluated at the horizon 𝑟 = 𝑟+ by using the relation
𝐶𝑒 = (𝜕𝑚𝜕𝑇 )𝑒 at the constant charge 𝑒. The partial
derivative of mass 𝑚 and temperature 𝑇 with respect
to 𝑟+ is given, respectively, as

𝜕𝑚

𝜕𝑟+
=

(𝑟2+ + 𝑒2)1/2(𝑟2+ − 2𝑒2)

2𝑟3+
, (9)

𝜕𝑇

𝜕𝑟+
=

2𝑒4 + 7𝑟2+𝑒
2 − 𝑟4+

4𝜋𝑟2+(𝑟
2
+ + 𝑒2)2

. (10)
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By making use of the above equations, the heat ca-
pacity 𝐶𝑒 = 𝜕𝑀

𝜕𝑟+

𝜕𝑟+
𝜕𝑇 , when evaluated at the horizon,

admits

𝐶𝑒 =
2𝜋(𝑟2+ + 𝑒2)5/2(𝑟2+ − 2𝑒2)

𝑟+(2𝑒4 + 7𝑒2𝑟2+ − 𝑟4+)
. (11)

It follows from the above expression (11) that the sign
of the heat capacity of the Bardeen black hole mainly
depends on two terms (𝑟2+−2𝑒2) and (2𝑒4+7𝑒2𝑟2+−𝑟4+).
Based on the sign of the above terms, one can deter-
mine whether the heat capacity is negative, zero, or
positive. It is important to first analyze the term,
(2𝑒4+7𝑒2𝑟2+−𝑟4+) by defining a new variable 𝑅 = 𝑟/𝑒
to evaluate its nature. Substituting 𝑅 = 𝑟/𝑒 in this
term, one can further analyze it by considering the
function

𝑓(𝑅) = 2 + 7𝑅2 −𝑅4. (12)

It becomes necessary here to first workout the ex-
tremal points of the above function (12) by making
use of 𝑑𝑓/𝑑𝑅 = 0, which admits two points 𝑅 = 0
and 𝑅 =

√︀
7/2. The first point, 𝑅 = 0, admits

minima, for which 𝑓(𝑅min = 0) = 2, while the sec-
ond point, 𝑅 =

√︀
7/2, corresponds to maxima ad-

mitting the maximum value, 𝑓(𝑅𝑚𝑎𝑥) = 57/4. On

the other hand, 𝑓(𝑅) is zero at 𝑅 =
√︁

7/2 +
√︀
57/4.

Hence, from the above analysis, 𝑓(𝑅) is positive in

the interval, 0 ≤ 𝑅 <
√︁

7/2 +
√︀
57/4 or alter-

natively 0 ≤ 𝑟+ < (
√︁
7/2 +

√︀
57/4)𝑒 and is nega-

tive for 𝑅 >
√︁
7/2 +

√︀
57/4 or alternatively 𝑟+ >

(
√︁
7/2 +

√︀
57/4)𝑒, as shown in Fig. 4.
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Fig. 4. Graph of 𝑓(𝑅) is shown, which has the maximum
value at 𝑅 =

√︀
7/2 and cuts the 𝑅-axis.

On the other hand, the second term (𝑟2+ − 2𝑒2) is
negative, zero or positive, accordingly 0 < 𝑟+ <

√
2𝑒,

𝑟+ =
√
2𝑒 or 𝑟+ >

√
2𝑒. By combining the analysis

of these two terms altogether, one can find out the
intervals, 0 < 𝑟+ <

√
2𝑒, 𝑟+ =

√
2𝑒, or

√
2𝑒 < 𝑟+ <

(
√︁
7/2 +

√︀
57/4)𝑒, for which the heat capacity is neg-

ative, zero, or positive respectively, while it diverges

at 𝑟+ = (
√︁
7/2 +

√︀
57/4)𝑒. In fact, the change of sign

in the heat capacity reflects the fundamental change
in the stability properties of the thermal system. A

region, in which the heat capacity is negative, corre-
sponds to a region of instability, whereas a region, in
which the heat capacity is positive, reflects a stabil-
ity region. It is obvious from the above analysis that
the interval, 0 < 𝑟+ <

√
2𝑒 is the instability region

in which the heat capacity is negative, whereas the

interval
√
2𝑒 < 𝑟+ < (

√︁
7/2 +

√︀
57/4)𝑒 is the sta-

bility region with the positive heat capacity. On the
other hand, the heat capacity of the Bardeen black

hole diverges at point 𝑟+ = (
√︁
7/2 +

√︀
57/4)𝑒, which

corresponds to the second-order phase transition. At
this stage, one can rewrite the expression of the heat
capacity in terms of 𝑟+

𝑒 = 𝑅 to visualize its graphical
behavior as

𝐶(𝑅) =
2𝜋𝑒2(𝑅2 + 1)5/2(𝑅2 − 2)

𝑅(2 + 7𝑅2 −𝑅4)
. (13)

The graphical picture of the heat capacity (13) is
shown in Fig. 5.
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Fig. 5. Graph of heat capacity shows that it contains in-
stability, stability regions and undergoes phase transition.

In summary, we have studied the thermodynamic
properties of the regular Bardeen Black hole with ref-
erence to their respective horizons. According to the
nature of the roots, we characterize three cases for
the Bardeen regular black hole. We derive the expres-
sions for temperature, electric potential and heat ca-
pacity. It is found that the temperature of the Bardeen
black hole is negative, zero and positive accordingly
0 < 𝑟+ <

√
2𝑒, 𝑟+ =

√
2𝑒 and 𝑟+ >

√
2𝑒. According

to the behavior of heat capacity, we study the regions
of stabilities of the black hole. It is found that the
interval 0 < 𝑟+ <

√
2𝑒 is the instability region for

which the heat capacity is negative, while the inter-

val
√
2𝑒 < 𝑟+ < (

√︁
7/2 +

√︀
57/4)𝑒 is the stability

region bearing positive heat capacity. The heat ca-
pacity is zero at 𝑟+ =

√
2𝑒 which corresponds to the

extreme Bardeen black hole. On the other hand, the
heat capacity of the Bardeen black hole diverges at

a point 𝑟+ = (
√︁

7/2 +
√︀

57/4)𝑒, which indicates that
the Bardeen regular black hole undergoes second-order
phase transition.
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